We consider diffraction of a three-dimensional (3D) spatiotemporal optical pulse by a phase-shifted Bragg grating. Resonant approximations of the reflection and transmission coefficients of a phase-shifted Bragg grating as functions of the angular frequency and the in-plane components of the wave vector are obtained. Using these approximations, analytical expressions for reflected and transmitted 3D pulse envelopes are derived. The presented rigorous simulation results fully confirm the proposed theoretical description.
Introduction
Optical devices implementing required temporal and spatial transformations of optical signals are of great interest for a wide range of practical applications including alloptical information processing and analog optical computing [1] .Various resonant structures are known to implement these operations including phase-shifted Bragg gratings (PSBG). PSBGs have been used both for temporal differentiation and integration of an optical pulse envelope [2] [3] [4] and for spatial differentiation and integration of a monochromatic optical beam profile [5, 6] . The utilization of resonant structures is attributable to the fact that their reflection (transmission) coefficient of the structure in the vicinity of the resonance can be described by the Fano profile, which in turn can approximate the transfer function of a differentiating or integrating filter. In case of a PSBG this resonant effect is caused by the excitation of the structure's eigenmode localized at the defect layer.
In the previous works, temporal and spatial transformations of the incident pulse envelope were considered separately. Temporal transformations in [2] [3] [4] were investigated without taking into account the spatial configuration of the incident optical pulse, whereas spatial operations in [5, 6] were studied in the case of a monochromatic incident beam. In this regard, the description of spatiotemporal transformations Recently published results [7, 8] concerned 2D spatiotemporal optical pulse diffraction by a resonant grating.
In this work, a theoretical description of the 3D optical pulse diffraction by a PSBG is presented for the first time. Resonant approximations of the PSBG's reflection and transmission coefficients as functions of the angular frequency and the in-plane wave vector component are obtained. It is shown that at normal incidence the transformation of the pulse envelope can be described by a hyperbolic partial differential equation. The proposed theoretical description is confirmed by rigorous simulation results.
3D pulse envelope
Consider normal incidence of a 3D optical pulse on a multilayer structure (Fig. 1 
Envelope transformation
To analytically describe transformations of an optical pulse envelope upon diffraction by a PSBG (1) 
where 2 ∈ corresponds to the group velocity of an eigenmode of the structure; kk  [5] . At 0 xy kk  the spectra (3) are reduced to the conventional Fano profile [4] . Note that expressions (3) generalize the previously proposed resonant approximations of PSBG spectra [9] by accounting for the second pole of the resonant structure with negative real part 
Applying the inverse Fourier transform to Eq. (1) and taking into account Eq. (4), we obtain the following differential equation for the envelope of the reflected (transmitted) pulse
where
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, H k k  [8] . Equation (6) demonstrates that the PSBG enables the optical implementation of several important differential operators including the computation of the Laplacian with respect to spatial coordinates (the second term in Eq. (6)) and the computation of the first temporal derivative (the third term in Eq(6)). These operations can be performed in reflection for a pulse with central frequency [7, 8] . Note that in the previous works these operations were studied separately for monochromatic beams and infinitely wide pulses respectively. In this regard equations (5), (6)generalize spatial and temporal transformations of optical signals analyzed in [3, 5] . The solution to the differential equation (5)can be obtained in the following form: ,, h x y t is the fundamental solution of (5) 
Numerical simulations
To confirm the accuracy of the obtained model we numerically simulated diffraction of an optical pulse on a PSBG with high quality-factor resonance (29 layers, quality-factor
The following values of the refractive indices of the BG layers, defect layers, superstrate and substrate were used in the simulations: Let us note that the computational cost of the PSBG spectra estimation (Eq. (3)), and the solution of the 3D pulse diffraction problem using Eqs. (7) is much smaller comparing to the direct solution of Maxwell's equations using the RCWA technique. Indeed, for the calculation of the resonant approximations parameters (3) or the convolution kernel (8) it is sufficient to rigorously solve the diffraction problem only for several points in the   ,, xy kk space. Moreover, once calculated parameters of the convolution kernel (8) allow one to simulate the diffraction of an arbitrary pulse.
Conclusion
We have proposed resonant approximations of the reflection and transmission coefficients of the PSBG as functions of the angular frequency and the in-plane component of the wave vector. On the basis of the proposed approximations, we obtained theoretical description of the class of the spatiotemporal transformations of a 3D optical pulse envelope upon diffraction by a PSBG. The presented simulation results obtained using the rigorous coupled-wave analysis technique fully confirm the theoretical description. These results may find application in the design of novel planar devices for all-optical information processing and analog optical computing.
